YITP-06-47 

Baryon asymmetry from hypermagnetic helicity in dilaton 
hypercharge electromagnetism 

Kazuharu Bamba* ^ 

Yukawa Institute for Theoretical Physics, 
Kyoto University, Kyoto 606-8502, Japan 

Abstract 

The generation of the baryon asymmetry of the Universe (BAU) from the hypermagnetic he- 
hcity, the physical interpretation of which is given in terms of hypermagnetic knots, is studied in 
inflationary cosmology, taking into account the breaking of the conformal invariance of hypercharge 
electromagnetic fields through both a coupling with the dilaton and that with a pseudoscalar field. 
It is shown that if the electroweak phase transition (EWPT) is strongly first order and the present 
amplitude of the generated magnetic fields on the horizon scale is sufficiently large, a baryon asym- 
metry with a sufficient magnitude to account for the observed baryon to entropy ratio can be 
generated. 
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I. INTRODUCTION 



It is observationally known that there exists a net excess of baryons over antibaryons in 
the Universe. In order to generate the baryon asymmetry of the Universe (BAU) from a state 
in which baryons and antibaryons have same abundances, the Sakharov's three conditions 
[l| must be satisfied: (1) baryon number nonconservation, (2) C and CP violation, and (3) a 
departure from thermal equilibrium. Many cosmological scenarios in which the above three 
conditions could be satisfied have been proposed (for reviews of the BAU, see Refs. jl, S]). 
The origin of the BAU, however, is not well established yet. 

It has been pointed out 0, H, 0, 0, [1| that hypercharge electro mag netic fields could 



play a significant role in the electroweak (EW) scenario [9|, [lOl, llll, ll^ for baryogenesis. 
Giovannini and Shaposhnikov [s], 0] have shown that the Chern-Simons number stored in 
the hypercharge electromagnetic fields, i.e., the hypermagnetic helicity, is converted into 
fermions at the electroweak phase transition (EWPT) owing to the Abelian anomaly [l3| . 
and at the same time the hypermagnetic fields are replaced by the ordinary magnetic fields, 
which survive after the EWPT. The hypermagnetic helicity corresponds to a topologically 
non-trivial hypercharge configurations. Topologically non-trivial refers here to the topology 
of the magnetic flux lines. The physical interpretation of these hypercharge configurations 
is given in terms of hypermagnetic knots. The generated fermions will not be destroyed by 
sphaleron processes [l^ if the EWPT is strongly first order. This condition could be met in 
the extensions of the minimal standard model (MSM) (l5| . 

The most natural origin of large-scale hypermagnetic fields before the EWPT i s hy per- 
charge electromagnetic quantum fluctuations generated in the inflationary stage [l6| (for 



reviews of inflation, see Refs. 17|, ll8|). This is because inflation naturally produces ef- 



fects on very large scales, larger than Hubble horizon, starting from microphysical processes 
operating on a causally connected volume. If the conformal invariance of the Maxwell the- 
ory is broken by some mechanism in the inflationary stage, hypercharge electromagnetic 
quantum fluctuations could be generated even in the Friedmann-Robertson- Walker (FRW) 
spacetime, which is conformally flat. Hence several breaking mechanisms have been pro- 



posed in Refs. [16|, llSl, l20|, |2l|, |22|. l23l. l24j. |25| (for other mechanisms, see reviews of the 



origin of cosmic magnetic fields [26|, |27j, |28|, |29|, |30[ and references therein). In particular, 



it follows from indications in higher- dimensional theories including string theory that there 
can exist the dilaton field coupled to the hypercharge electromagnetic fields. This coupling 
also breaks the conformal invariance of the Maxwell theory [l^, [13, 24, 2^ and hence the 
large-scale hypercharge magnetic fields could be generated. 

Furthermore, it has been noticed [si, S^] that when a pseudoscalar field 0_with an axion- 
like coupling to the f/(l)y hypercharge field strength Y^i, in the form (pY^^jY^'^, where Y^" 
is the dual of Y^y and Y^j,Y^^ corresponds to the hypercharge topological number density, 
coherently rolls or oscillates before the EWPT, the Sakharov's three conditions can be 
satisfied. In this case, the motion of the pseudoscalar field generates a time- dependent 
hypercharge topological number condensate which violates fermion number conservation 
through the Abelian anomalous coupling [l^, and realizes a departure from equilibrium. 
Moreover, C symmetry is violated by the chiral coupling of the hypercharge gauge boson 
to fermions. Furthermore, since the hypercharge topological number is odd under CP, CP 
symmetry is spontaneously broken if the hypercharge topological number is coupled to a 
field with a time-dependent expectation value. This mechanism is able to generate a net 
Chern-Simons number which can survive until the EWPT and then be converted into a 
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baryon asymmetry. Pseudoscalar fields with the above axion-like coupling appear in several 



possible extensions of the standard model [33(]. Incidentally, the generation of large-scale 



magnetic fields owing to the breaking of the conformal invariance of the Maxwell theory 
through such an axion-like coupling between a pseudoscalar field and electromagnetic fields 
have been considered in Refs. 3, 21, 2^. Moreover, baryogenesis due to the above coupling 



has been discussed in Ref. [3J]. Furthermore, the gene ration of the magnetic helicity owing 
to the above coupling has been considered in Ref. [35|. 

In the present paper, in addition to the existence of the dilaton coupled to hypercharge 
electromagnetic fields, we assume the existence of a pseudoscalar field with an axion-like 
coupling to hypercharge electromagnetic fields, and consider the generation of the BAU 
in slow-roll exponential inflation models. In particular, we consider the generation of the 
Chern-Simons number, i.e., the hypermagnetic helicity, through the coupling between a 
pseudoscalar field and hypercharge electromagnetic fields in the inflationary stage. The 
generated Chern-Simons number is converted into fermions at the EWPT owing to the 
Abelian anomaly, and the generated fermions can survive after the EWPT if the EWPT 
is strongly first order. The reason why we consider the generation of the Chern-Simons 
number during inflation is as follows: In this scenario, the BAU is induced by the helicity of 
the hypermagnetic fields. Hence the large-scale hypermagnetic fields whose present scale is 
larger than the present horizon scale have to be generated in order that the resultant BAU 
could be homogeneous over the present horizon. 

This paper is organized as follows. In Sec. II we describe our model and derive equations 
of motion from its action. In Sec. Ill we consider the evolution of the U{1)y gauge field and 
investigate the generated Chern-Simons number density, and then estimate the resultant 
baryon asymmetry. Finally, Sec. IV is devoted to a conclusion. 

We use units in which k-Q = c = h = 1 and denote the gravitational constant SttG by 
so that = Svr/Mpi^ where Mpi = G"^/^ = 1.2 x lO^^GeV is the Planck mass. Moreover, in 
terms of electromagnetism we adopt Heaviside-Lorentz units. Throughout the present paper, 
the subscripts '1', 'R', and '0' represent the quantities at the time ti when a given mode of 
the U{1)y gauge field first crosses outside the horizon during inflation, the end of inflation 
(namely, the instantaneous reheating stage) tR, and the present time t^, respectively. 



II. MODEL 
A. Action 

We introduce the dilaton field $ and a pseudoscalar field 0. Moreover, we introduce the 
coupling of the dilaton to hypercharge electromagnetic fields and that of the pseudoscalar 
to those fields. Our model action is the following: 

^ ~ J d'^^V~9 [ '^inflaton + '^dilaton + -^ps + -^HEM ] , (2.1) 
-Cinfiaton = -^Q^'d^^d,^ - U[^], (2.2) 

-Cdiiaton = -^g'^'^d^^d,^ - V[^, (2.3) 
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C^s = -\9''''d^(t^d,<P-W[<Pi (2.4) 

>Chem = -\fm (y.uY^" + ^?ps^ V^''^) , (2.5) 

/($) = exp (-A«:$) , (2.6) 

V^[$] = yexp f-AK<l>) , (2.7) 



= ]^m'4>\ (2.8) 

where (7 is the determinant of the metric tensor g^^j, U[ip\, ^[$], and W[(j)\ are the inflaton, 
the dilaton, and the pseudoscalar potentials, respectively, \^ is a constant, m is the mass of 
the pseudoscalar field, and / is the coupling between the dilaton and hypercharge electromag- 
netic fields with and A(> 0) being dimensionless constants. Moreover, g^^ = gpsa'/{2TT), 
where (jps is a numerical factor and a' = g'^/{4:Tr). Here, g' is the U{1)y gauge coupling 
constant. M denotes a mass scale. Furthermore, the U{1)y hypercharge field strength is 
given by Y^^ = V^F^ - V^F^, where = (l/2)e^'^^'"yp^. Here, Y^, is the U{1)y gauge 
field, denotes the covariant derivative, and e^"^^"^ is the Levi-Civita tensor. Moreover, 
we note that covariant derivatives for the antisymmetric tensor Y^^^, in the metric (2.13) as 
is shown in the next subsection are simple derivatives, = d^, as it appears later in the 
equations of motion (2.12) and (2.22) based on the hypercharge electromagnetic part of our 
model Lagrangian in Eq. (12. 5p . 



B. Equations of motion 



From the above action in Eq. (12. ip . the equations of motion for the inflaton, the dilaton, 
the pseudoscalar field, and hypercharge electromagnetic fields can be derived as follows: 



dip 



'-9 



0, 



1 



^-9 
1 



-9 



d, {V^g^'d.<!>) + 
{V^9^''d.<P) + 



d<l> 

dW[(j)] 



A d<^ V^" ^3ps^r>.ur 



1 fits 

'4M 



/(<l>)VF^^ 



M 



(2.9) 
(2.10) 
(2.11) 
(2.12) 



We now assume the spatially flat Friedmann-Robertson- Walker (FRW) space-time with 



^ The sign of A in the present paper is opposite to that in Refs. 24. |25| 
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the metric 



^ a^{ri){-drf + dx^), (2.13) 

where a is the scale factor, and t] is the conformal time. 

Since we are interested in the specific case in which the background space-time is inflating, 
we assume that the spatial derivatives of (/?, 0, and $ are neghgible compared to the other 
terms (if this is not the case at the beginning of inflation, any spatial inhomogeneities will 
quickly be inflated away and this assumption will quickly become very accurate) . Hence the 
equations of motion for the background homogeneous scalar flelds read 

^ + 3i/^+^ = 0, (2.14) 
dip 

$ + 3//$ + ^ 0, (2.15) 

d^ 

^ + 3H.A+^5fM = o, (2.16) 

d(p 

together with the background Priedmann equation 

© = y (-^^ + + '^'^) ' (2.17) 

P^^\^^ + U[^], (2.18) 
p^^\^^ + V[^, (2.19) 

= + (2.20) 

where a dot denotes a time derivative. Here, p<^, and are the energy densities of 
the inflaton, the dilaton, and the pseudoscalar fleld, respectively. We here consider the 
case in which slow-roll exponential inflation is driven by the potential energy of the inflaton 
and during inflation the energy densities of the dilaton and the pseudoscalar field are much 
smaller than that of the inflaton, p^p ^ ^ p^. Hence, during inflation H reads 

//2 ^ = H,J, (2.21) 

where iJinf is the Hubble constant in the inflationary stage. 

We consider the evolution of the U{1)y gauge field in this background. Its equation of 
motion in the Coulomb gauge, YQ{t,x) = and djY^{t,x) = 0, becomes 

F,(t, x)+(h+ pj Y,it, x) - ^5,5,F.(t, x) - ^^^iip-^^%Y,(t, x) = 0. (2.22) 
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III. GENERATION OF THE BAU 

In this section, we consider the generation of the BAU. First, we consider the evolution 
of the dilaton, that of the pseudoscalar field, and that of the U{1)y gauge field. Next, we 
investigate the generation of the Chern-Simons number density in the inflationary stage, 
and then estimate the ratio of the baryonic number density to the entropy density. 



A. Evolution of the dilaton and that of the pseudoscalar field 



In this subsection, we consider the evolution of the dilaton and the pseudoscalar field. 
Here we consider the case in which slow-roll exponential inflation is realized and the scale 
factor a{t) is given by 



a(t) = ai exp [Hi^{(t - h)] 



(3.1) 



where ai is the scale factor at the time ti when a given co moving wavelength 27r//c of the 
U{1)y gauge field first crosses outside the horizon during inflation, k/{aiHinf) = 1. 

First, we investigate the evolution of the dilaton. We consider the case in which we can 
apply slow-roll approximation to the dilaton, that is. 



< 1, 



and then Eq. fl2.15p is reduced to 



3i/inf$ + = 0. 



The solution of this equation is given by 

1 



$ = In 
Xk 



V 



X wHinf {t - ^r) + exp Ak^r 



V 



w 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



where $r is the dilaton field amplitude at the end of inflation. Here we consider the case 
in which after inflation, the dilaton is finally stabilized when it feels other contributions 
to its potential, e.g., from gaugino condensation [36^ that generates a potential minimum 
371 . |38|. As it reaches there, the dilaton starts oscillation and finally decays into radiation 
at t = tR. Hence we assume that the potential minimum is generated at $ = $r = 0, so 
that the coupling / between the dilaton and hypercharge electromagnetic fields is set to 
unity and thus the standard Maxwell theory is recovered. Moreover, in deriving the second 
approximate equality in Eq. (13.51) . we have used Eq. (12.211) . Since we have ^ p$ by 
assumption, w -C 1. 

It follows from Eq. (13.41) that the slow-roll condition to the dilaton, Eq. (13. 2p . is equivalent 
to the following relation: 



< 1 



X^^^ < 1. 

Pv 



(3.6) 
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In deriving this relation, we have used Eq. (12.211) . If we assume that A ~ the second 
relation in (13.61) . A^V[$]/p^ ^ 1, is satisfied during infiation because ^ p$. 

Next, we consider the evolution of the pseudoscalar field. The solution of Eq. (I2.16P with 
Eq. (ESD is given by |2l| 



^1 exp <; - 



-1 ± 



2m 



inf 



-f^inf (t — ti 



(3.7) 



For m ^ -ffinf, we find that the approximate solution of Eq. (12.161) with Eq. (12.81) is given 
by H 



)i exp 



r-f^inf (t — ti 



sm 



m(t-ti) + 



TT 



(3.8) 



In deriving Eq. (13.81) . we have used Eq. (13.11) . Moreover, we consider the case in which after 
infiation, the pseudoscalar field decays in the radiation-dominated stage and hence the 
entropy per co moving volume remains practically constant. 



B. Evolution of the C/(l)y gauge field 



Next, we consider the evolution of the f/(l)y gauge field. To begin with, we shall quantize 
the U{1)y gauge field Yn{t,x). It follows from the hypercharge electromagnetic part of our 
model Lagrangian in Eq. (12.51) that the canonical momenta conjugate to Y^{t, x) are given 
by 



vro = 0, ni = fi^)ait)Yiit,x). 
We impose the canonical commutation relation between Yi{t,x) and TTj(t,x) 



[Yi{t,x),nj{t,y)] 



(2^ 



A. . LA 



(3.9) 



(3.10) 



where k is co moving wave number, and k denotes its amplitude From this relation, we 
obtain the expression for Yi{t, x) as 



Y,{t,x) 



d^k 



b{k)Yi{t, fc)e*'=-== + b\k)Y*{t, k)e 



where b{k) and 6"''(fc) are the annihilation and creation operators which satisfy 



(3.11) 



b{k),P{k') =6^{k-k'), b{k),b{k') = b\k),b\k' 



0. 



(3.12) 



It follows from Eqs. (13.101) and (13. lip that the normalization condition for Yi{k,t) reads 



Y,{k,t)Y*{k,t) -Y,ik,t)Y*ik,t) 



fa 



(3.13) 
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From now on we choose the axis to he along the spatial momentum direction k and 
denote the transverse directions with I = 1, 2. From Eq. (12.221) . we find that the Fourier 
modes Yi{k,t) of the f/(l)y gauge field satisfy the following equations: 



Yiik,t) + 



f 



M af dt 



Y2ik,t) = 0, (3.14) 



Y2{k, t) +\H,^, + l] Y^ik, t) + ^Y2{k, t) 



M af dt ^ ' ^ 



0. (3.15) 



In order to decouple the system of Eqs. (13.14^ and (13.15^ . we consider circular polarizations 
expressed by the combination of linear polarizations as Y±{k,t) = Yi{k,t) ± iY2{k,t). From 
Eqs. (I3.14P and (I3.15p . we find that Y±{k,t) satisfies the following equation: 



y±(fc,t)+ \H,^, + l]Y±{k,t) + 




Y±{k,t) = 0. (3.16) 



Since it is difficult to obtain the analytic solution of Eq. (I3.16p . we numerically solve this 
equation during infiation. Here we assume that the initial amplitude of Y^{k,t) and that of 
Y_[k,t) are the same value and we take the time ti as the initial time. In the infiationary 
stage, the difference between the evolution of Y^{k,t) and that of F_(fc,t) is induced by 
the coupling between the pseudoscalar field and hypercharge electromagnetic fields and thus 
the hypermagnetic helicity is generated j22|, 31, S, 3^. During infiation (ti < t < tn), the 
amplitude of Y±{k,t) is expressed as 

Y±{k,t)=C±{t)Y^{k,t^), (3.17) 

where Cj-{t) is a numerical value obtained by numerical calculations and we take C±{ti) = 1. 

In order to obtain the initial amplitude of Y±[k,t), we here consider the solution of 
Eq. (I3.16P inside of the horizon, i.e., on subhorizon scales, k/{aH) ^ 1. Replacing the 
independent variable t by rj, we find that in the short-wavelength limit, k — oo, Eq. f l3.16p 
is approximately given by 



Y^ik,r]) + ^Y^ik,r]) + eY±ik,7^) 



0, 



(3.18) 



where the prime denotes differentiation with respect to the conformal time rj. Here, in 
deriving Eq. (13.180 . we have taken only the term proportional to k^ on the right-hand side 
of Eq. (13.160 and neglected that proportional to k. 
The inside solution is given by 

Yl-{k,v) = ^r'^'e-''^ (3.19) 



2k' 

where we have determined the coefficient of this solution by requiring that the vacuum 
reduces to the one in Minkowski spacetime in the short-wavelength limit. In fact, using Eq. 
( KWf . we find 



Yl-"{k,v) + ^Yt'{k,v) 



-k' 



1 /ry r 
2 v/y / 



Yl%k,r^) (3.20) 



-k'Yl-{k,v), 



(3.21) 
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where the approximate equahty in Eq. fl3.2ip follows from —kt] 3> 1. Hence we see that the 
inside solution in Eq. fl3.19p approximately satisfies Eq. fl3.18p . 

Here we assume that the initial amplitude of Y±{k, t) is approximately given by the inside 
solution in Eq. (13.191) . Hence the initial amplitude of Y±{k,t) at the time ti is given by 

The numerical results of the evolution of C±{t) are shown in Figs. 1 and 2. Fig. 1 depicts 
the case in which ifi^f = lO^^GeV, m = lO^GeV, A = -133, A = 1.0, w = 1/(75), 01 = 
lO^GeV, M = lO^GeV, and g^s = 1-0 (the case (ii) in Table [T] shown in the next subsection). 
On the other hand. Fig. 2 depicts the case in which ifinf = 10^°GeV, m = lO^^GeV, A = 
-135, ~X = 1.0 w = 1/(75), 01 = lO^^QgY^ ^ ^ W^GeV, and = 1.0 (the case (iii) in 
Table[T]). In Figs. 1 and 2, we have used the evolution of in the positive sign equation in fl3.7p 
and that in Eq. fl3.8p . respectively. Moreover, we have used k/a = exp [— i^mf (t — ti)] i^inf, 
which follows from Eq. fl3.1l) and k/ (oii^inf) = 1. The solid curves represents C+(t) and the 
dotted curves represents C-(t). Here we have started to calculate Eq. (13.160 numerically at 
t = ti = H^l and we assume that the initial value of C±{t) at t = ti is C±{ti) = 1.0. From 
Figs. 1 and 2, we understand that after several Hubble expansion times, both the value of 
C+(t) and that of C-{t) becomes almost constant. This qualitative behavior is common to 
the case m < H[^f and the case m ^ -ffjnf- Finally, we note that if we take a larger value 
of Qps and/or that of (pi/M (in all the cases in Table [I] we have taken (pi/M = 1.0), the 
difference between the evolution and amphtude of C^(t) and those of C_(t) becomes larger. 



C. Chern-Simons number density 

In this subsection, we consider the generation of the Chern-Simons number density in the 
inflationary stage and estimate the resultant baryon asymmetry. The proper hyperelectric 
and hypermagnetic fields are given by (l9| 



Err''" it, x) = a^'Enit, x) = -a-'Yi{t, x), (3.23) 

BYr^'^'it, x) = a-'BY,{t, x) = a'h,jkdjYk{t, x), (3.24) 

where Eyiit, x) and Byiit, x) are the comoving hyperelectric and hypermagnetic fields, and 
eijk is the totally antisymmetric tensor (ei23 = 1)- 
The density of the baryonic number is given by 

ub = -yAncs, (3.25) 

Ancs = / Ey ■ Bydt. (3.26) 

Here, nf is the number of fermionic generations (throughout this paper we use = 3) and 
Ancs is the Chern-Simons number density. 

It follows from Eqs. fl3.23p and fl3.24p that the Fourier modes EY±°^'^\k,t) = 
EYr''"\k,t)±tEYr''"\k,t) and BYr''"\k,t) = BYY°'''\k,t) ± tBYr''"\k,t) satisfy the 
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following relations: 



EyT'''\k,t) = ±l^Mr:M, (3.27) 
k ot 

^ ^ ri\R ,\-|2 

EyT'^'ik, t)BYT''"\k, t) = ±-^ ^^^ ^ ' ■ (3.28) 

On the other hand, the energy density of the proper hypermagnetic field in Fourier space 
is given by 

PBAk,t) = I [\By^r'''\k,t)\' + \By^-^-{k,t)f] f, (3.29) 



1 fk^' 



\Byr'-{k,t)\^ = -{- \Y^{k,t)\''. (3.30) 



In deriving Eq. (13.301) . we have used Eq. (13.241) . Multiplying {k, t) by phase-space density: 
47rA;^/(27r)^, we obtain the energy density of the proper magnetic field in the position space 

PBAL,t) = 1^ [\By^:°^^^{k,t)f + \By^_^^^-{k,t)\'] /, (3.31) 

on a comoving scale L = 2TT/k. 

Using Eqs. (KIT} . (Km . IK28\f . (KSOh . and (^M), we find that the Chern-Simons num- 
ber density in the inflationary stage is given by 

Ancs = -^^jPBAL,t)Ait), (3.32) 

Ait) - '^^(^)'^-'^-(^)'^ (3 33) 

Here we consider the case in which after inflation the Universe is reheated immediately 
at t = tR. Moreover, we assume that the instantaneous reheating stage is much before the 
EWPT (the background temperature at the EWPT is Tew ~ lOOGeV). The conductivity of 
the Universe cTc is negligibly small during inflation, because there are few charged particles 
at that time. After reheating, however, a number of charged particles are produced, so that 
the conductivity immediately jumps to a large value: cTc ^ H {t > t^). Consequently, 
for a large enough conductivity at the instantaneous reheating stage, hyperelectric fields 
accelerate charged particles and dissipate. On the other hand, the proper hypermagnetic 
fields evolve in proportion to a~^(t) in the radiation-dominated stage and the subsequent 
matter-dominated stage (t > t^) |l9l. 24 [.Furthermore, the hypermagnetic helicity, i.e., the 
Chern-Simons number, is conserved [gI. l39l. Si- The Chern-Simons number will be released 
at the EWPT in the form of fermions, which will not be destroyed by the sphaleron processes 
14 1 if the EWPT is strongly first order j^, [6| . Although the EWPT is not strongly first order 



in the MSM, the EWPT could be strongly first order in the extensions of the MSM [15 
Moreover, at the EWPT the hypermagnetic fields are replaced by the ordinary magnetic 
fields 0,1]. 
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Moreover, we discuss the finite conductivity effects. We consider the case in which in 
the last stage of inflation the conductivity has a finite value. In this case, the term of the 
conductivity ctc is added to the inside of the parentheses in the second term on the right-hand 
side of Eq. f l3.16p . which is the coefficient of Y±{k,t). On the other hand, there also exists 
the term of /// in the inside of the parentheses in the second term on the right-hand side 
of Eq. (13.161) . Hence the term of /// has the same effect as the finite conductivity cxc. As 
the physical effect, the term of /// makes both the value of C+(t) and that of C-{t) in Eq. 
fl3.17p becomes almost constant after several Hubble expansion times. In fact, in the case in 
which in the last stage of inflation the conductivity ctc has a finite value, e.g., Uc = lOOifinf, 
we have numerically calculated the evolution of C+(t) and C_(t). As a result, we have found 
that the results in the case in which we take into account the finite conductivity effects are 
almost same as the results without taking into account the finite conductivity effects. This is 
because there exists the term of /// in the coefficient of Y±[k, t) in Eq. (13.161) and this term 
has the same physical effect as the finite conductivity a^. In the models in Refs. 31, 2^, the 



finite conductivity effects have a influence on results because in these models the coupling 
/($) between the dilaton and the hypercharge electromagnetic fields is not considered and 
hence there does not exist the term of /// in the coefficient of Y±{k,t). In our model, 
however, since we consider the coupling f{^), there exists the term of /// in the coefficient 
of Y±{k,t) in Eq. (13.161) . which has the same physical effect as the finite conductivity cXc. 
Consequently, in our model, the finite conductivity effects have little influence on results. 
Thus we think that the assumption that after reheating the conductivity immediately jumps 
to a large value, dc ^ -ff (t > ^r), is appropriate, and that the results under this assumption 
are proper. 

It follows from Eqs. ^M), (13:321) . and fl333D that after the EWPT, the ratio of the 
density of the baryonic number ub to the entropy density s is given by 

riB g'"^ lpB{L,t) 

— = ^f^T AtR), (3.34) 

with 

PB{L,t) = [\CAtK)\' + \C-{tn)n , (3.35) 

fih) = (l-Pw;iv)"'', (3.36) 
N = i/inf (tn - h) , (3.37) 

X = (3.38) 
A 

where we have used the fact that when t > tn, f = I, and that after the EWPT, psyiL, t) —>■ 
PB{L,t), where pB^L.t) is the energy density of the ordinary magnetic fields. Moreover, we 
have taken into account the fact that for a large enough conductivity after the instantaneous 
reheating stage, the proper hypermagnetic fields evolve in proportion to a~^(t) as stated 
above. Here, N is the number of e-folds between the time ti and the end of inflation t-^- 
Furthermore, in deriving Eq. (I3.36p . we have used Eqs. (12. 6p and (13. 4p with $r = 0. 
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TABLE I: Estimates of the value of ne/s for w = 1/(75), (pi = M = m, g^s = 1-0, and A = 1.0. 
Here we have used the evolution of (j) in the positive sign equation in (13. 7p for the cases (i), (ii), 
and (iv), and that in Eq. (13. 8p for those (iii) and (v). 





tib/s 




B{Ho\to) [G] 


i^inf [GeV] 


m [GeV] 


C+(tR) 


C-(tR) 


X 


(i) 


3.6 X 10" 


10 


2.7 X 10"^^ 


1.0 X 10^^ 


1.0 X 10^2 


0.367 


2.23 


-1.11 X 102 


(ii) 


1.0 X 10" 


10 


1.4 X 10"^^ 


1.0 X 10^° 


1.0 X 10^ 


0.369 


2.18 


-1.33 X 102 


(iii) 


1.5 X 10" 


10 


3.5 X 10-24 


1.0 X 10^° 


1.0 X 10^2 


1.04 


0.816 


-1.35 X 102 


(iv) 


0.96 X 10 


-10 


1.4 X 10-24 


1.0 X 10^ 


1.0 X 10^ 


0.368 


2.17 


-1.65 X 102 


(v) 


2.8 X 10- 


10 


4.7 X 10-24 


1.0 X 10^ 


1.0 X lO'^ 


1.04 


0.808 


-1.68 X 102 



In order to estimate the value of u-q/s, we use the following relations 18|: 



Ho 



100/ikms"^ Mpc"^ = 2.1/1 x IQ-^^GeV, 



TT 



30' 

AT = 45 + In 



200), 



[Mpc] 



In 



I 1038/3 [GeV] 



Or 



3.91 



1/3 2.35 X 10-13 [GeV] 



_70 



3.7irR 



(T^o ~ 2.73 K) , 



So = 2.97 X 10^ 



70 



2.75 [K] 



cm 



(3.39) 
(3.40) 

(3.41) 

(3.42) 
(3.43) 



where Hq is the Hubble constant at the present time (throughout this paper we use h = 0.70 
[4H), (7r is the total number of degrees of freedom for relativistic particles at the reheating 
epoch, Tr is reheating temperature, T^o is the present temperature of the cosmic microwave 
background (CMB) radiation, and Sq is the entropy density at the present time. Moreover, 
we use (7'2/(47r) = oem/ cos2 6'w, where oem = 1/(137) is the fine-structure constant and 9^ 
is the weak mixing angle. The experimentally measured value of 9^ is given by sin^ 9^ ~ 0.23 

0. 

Consequently, from Eq. (13.341) . we can estimate the value of the ratio of the density of 
the baryonic number n-Q to the entropy density s, which is observationally estimated as 
tt-b/s = 0.92 X IQ-i^ by using the the first year Wilkinson Microwave Anisotropy Probe 

Table |T] displays the estimate 
1.0, and A = 1.0. Here we have 
ii), and (iv). 



(WMAP) data on the anisotropy of the CMB radiation [42 
of the value of ub/s for w = 1/(75), 0i = M = m, g^^ 

used the evolution of in the positive sign equation in (13. 7p for the cases (i), 
and that in Eq. (13.80 for those (iii) and (v). In Table [H we have considered the BAU induced 
by the helicity of the hypermagnetic fields whose present scale is the present horizon scale, 
L = Hq^. Hence the resultant BAU is homogeneous over the present horizon. Moreover, 
in estimating the value of the energy density of the magnetic fields in Eq. ( I3.35p . we have 
used an/ai = exp(iV) and k/ (aiifmi) = 1. Furthermore, a constraint on H^^f from tensor 
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perturbation s |43l . |44| is obtained by using the WMAP three year data on temperature 
fluctuations |45fj7-ffmf < 5.9 x lO^^GeV. 

From Table [H we see that if the magnetic flelds with the fleld strength ~ lO^^^G on 
the horizon scale at the present time are generated, the resultant value of ti-q/s can be as 
large as 10~^°, which is consistent with the above observational estimation of WMAP. When 
the generated magnetic flelds with the fleld strength ~ 10~^'*G on the horizon scale at the 
present time play the role of seed magnetic flelds of galactic magnetic flelds, by assuming 
the magnetic flux conservation, Br^ = constant, where r is a scale, and using the scale 
ratio r^si/ ~ 10~^, where rgai is the scale of galaxies, we can estimate the seed magnetic 
fleld strength of the galactic magnetic flelds as -BgX'^'' ~ 10"^'* G which is sufficient for 
the following dynamo amplification. Thus, in this way, the main problem of cosmological 
magnetic fields can be solved by obtaining both large spatial scale and large magnetic field 
amplitude as it should be for the relic seed magnetic fields obeying dynamo theories. 

Here we state the reason why in this model the amplitude of the generated magnetic 
fields can be as large as ~ 10~^^G on the horizon scale at the present time. The reason is 
that the conformal invariance of the hypercharge electromagnetic fields is extremely broken 
through the coupling between the dilaton and the hypercharge electromagnetic fields by 
introducing a huge hierarchy between the coupling constant of the dilaton to the hypercharge 

electromagnetic fields A and the coupling constant A of the dilaton potential, |X| = A/A 3> 

1. From Table [H we see that in order that the magnetic fields with the field strength 
~ lO^^^G on the horizon scale at the present time could be generated, we have to introduce 
the huge hierarchy |X| ^ 1. It follows from Eqs. fl3.22p and (13.361) that if |X| ^ 1, the value 
of f{ti) is very small and hence the amplitude of |Kt(A;,ti)| is sufficiently large. Moreover, 
it follows from Figs. 1 and 2 that after several Hubble expansion times, both the value of 
C+(t) and that of C_(t) becomes almost constant. Hence it follows from Eq. fl3.17p that 
the amplitude of |y±(/c,t)| is sufficiently large. Consequently, it follows from Eqs. (13.301) . 
(I3.3ip . and (I3.35P that the energy density of the generated magnetic fields, i.e., the resultant 
magnetic field amplitude can be as large as ~ 10~^^G on the horizon scale at the present 
time. This is the reason why the present amplitude of the generated magnetic fields in this 
model is larger than that in other infiation scenarios [20| . 

The physical reason why the coupling of the dilaton to the hypercharge electromagnetic 
fields has to be much stronger than the coupling in the dilaton potential in order that the 
amplitude of the generated magnetic fields could be as large as ~ 10~^^G on the horizon 
scale at the present time is as follows: In order to generate the magnetic fields with the 
sufficient strength, the conformal invariance of the hypercharge electromagnetic fields has 
to be extremely broken through the coupling /($) between the dilaton and the hypercharge 
electromagnetic fields. In order that this condition could be met, it is necessary that the 
change of the value of /($) in the infiationary stage is much larger than the change of 
the value of the dilaton potential V[^] at that stage, in other words, f{^) evolves more 
rapidly than the dilaton potential V[(^]. Thus the coupling of the dilaton to the hypercharge 
electromagnetic fields has to be much stronger than the coupling in the dilaton potential, 
i.e., the value of |A| has to be much larger than that of A. In this case, the value of /($) can 
change from /(ti) ^ 1 to /(^r) = 1 in the infiationary stage {ti < t < tn). Consequently, 
from Eqs. (I3.35P and (13.360 . we see that the amplitude of the generated magnetic fields can 
be sufficiently large because /(^i) is much smaller than unity. 
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IV. CONCLUSION 



In the present paper we have studied the generation of the BAU from the hehcity of 
hypermagnetic fields in inflationary cosmology, taking into account the breaking of the con- 
formal invariance of the hypercharge electromagnetic fields by introducing both a coupling 
with the dilaton and that with a pseudoscalar field. Owing to the coupling between the 
pseudoscalar field and the hypercharge electromagnetic fields, the hypermagnetic helicity, 
which corresponds to the Chern-Simons number, is generated in the inflationary stage. The 
Chern-Simons number stored in the hypercharge electromagnetic fields is converted into 
fermions at the EWPT due to the Abelian anomaly, and at the same time the hypermag- 
netic fields are replaced by the ordinary magnetic fields, which survive after the EWPT. The 
generated fermions can survive after the EWPT if the EWPT is strongly first order. In the 
extensions of the MSM, the above condition could be satisfied. 

As a result, we have found that if the magnetic fields with sufficient strength on the 
horizon scale at the present time are generated, the resultant value of the ratio of the 
density of the baryonic number to the entropy density, ne/s, can be as large as 10~^°, 
which is consistent with the magnitude of the BAU suggested by observations obtained 
from WMAP. 
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FIG. 1: Numerical results of the evolution of C±{t) for i^i^f = lO^OGeV, m = lO^GeV, A = -133, 
A = 1.0, w = 1/(75), (pi = lO^GeV, M = lO^GeV, and Qps = 1.0 (the case (ii) in Table H). Here 
we have used the evolution of (j) in the positive sign equation in (|3.7p . The solid curves represents 
C+(t) and the dotted curves represents C_(t). 




FIG. 2: Numerical results of the evolution of C±{t) for Hi^i = 10^°GeV, m = lO^^GeV, A = -135, 
~X = l.O w = 1/(75), = lO^^GeV, M = lO^^QgV, and = 1.0 (the case (iii) in Tabled]). Here 
we have used the evolution of in Eq. (j3.8p . The solid curves represents C+(i) and the dotted 
curves represents C_ (t) . 
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